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Abstract 

This paper relates uniform ev-H61der continuity, or a-dimensionality, 
of spectral measures in an arbitrary interval to the Fourier transform 
of the measure. This is used to show that scaling exponents of ex- 
ponential sums obtained from time series give local upper bounds on 
the degree of Holder continuity of the power spectrum of the series. 
The results have applications to generalized random walk, numerical 
detection of singular continuous spectra and to the energy growth in 
driven oscillators. 



1 Introduction 

An interesting method to numerically detect singular continuous spectum 
has been proposed by Aubry, Goldreche and Luck 9. In essence, their 
method amounts to the following. Let {ak}^L C C and S n (q) := n _1 |X^=d ake~ 2mkq \ 2 ■ 
Suppose that S n (q) dq converges weakly as n — > oo to a positive Borel mea- 
sure \i on T = R/Z. Then \i should be singular at values of q for which 
S n (q) 'scales' like for < (3{q) < 1. In a previous paper |2j we proved, 



without justifying any scaling argument, that the particular model Aubry 
et al. considered does indeed have purely singular continuous spectrum for 
generic parameters (see Section 5.1 for details). 

The method of Aubry et al. has been used to argue that sequences ob- 



tained from aperiodically driven quantum systems [29, [U]] and a time se- 
ries obtained from a dynamical system |30|, |3l]] have singular continuous 
power spectrum. Moreover, the growth of sums of the form Sj^iq) has been 
shown to detemine the growth of the energy in driven classical and quantum- 
mechanical oscillators [||, ||. Finally, Luck [^] has perturbatively related 
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the exponents j3{q) to the speed with which gaps close in the spectrum of a 
discrete Schrodinger operator with potential Xa n as A — > 0. 

It is desirable, therefore, that the mathematical meaning of the expo- 
nents (3{q) and their relation to the singularity of the measure fi is clarified. 
That is the aim of this paper. It will show that: (i) if {a n } is a time series of 
an ergodic dynamical system, then (3{q) exist a.e. with respect to the ergodic 
measure when interpreted as critical exponent for a limsup, and (ii) 1 — f3(q) 
is an upper bound on the degree of Holder continuity of \x in a neighborhood 
of q (see Corollary |4.3|) . However, scaling exponents f3{q) G (0,1) need not 
imply that \i has a singular continuous part (see Remarks ^ and [2l]) . 

Holder continuity here means uniform Holder continuity. A positive 
Borel Measure on R is uniformly a-H61der continuous — UaH, for short 
- in an interval I if there is a constant C such that /jl(Iq) < C|/o| a f° r an 
intervals Jq C / with \Iq\ < 1, where |io| denotes the length of Iq. It is 
globally uniformly a-H61der continuous if it is UaH on its support. Uniform 
a-H61der continuity is often referred to as uniform a-dimensionality (e.g., in 
[j35f ). A measure that is UaH gives zero weight to sets that have measure 
zero for a-dimensional Hausdorff measure (cf. Section 3.3 in J34j). 

Section 2 of this paper relates a double integral over the Fourier trans- 
form fi{t) := / e~ 2mtx d^{x) of a finite positive Borel measure — the convo- 
lution of the measure with the Fejer kernel — to the degree of Holder conti- 
nuity in arbitrary intervals. This should be contrasted to results that relate 
global uniform Holder continuity to the averaged decay of jl. Strichartz p5| ] 
has shown that if fi is globally UaH then there is a constant C such that 
T- 1 \fi(t)\ 2 dt < CT~ a . A partial, but optimal, converse has been ob- 
tained by Last [26]: if there exists a constant C such that T~ l Jq \fi(t)\ 2 dt < 
CT~ a for all T > then fi is globally U^-H. Of course a measure may very 
well have a degree of uniform Holder continuity a that varies over its sup- 
port. Then it is the most singular part (i.e., the part with the smallest a) 
that matters for the results just mentioned. Global uniform Holder conti- 
nuity of spectral measures of Schrodinger operators has received attention 
because it gives lower bounds on the spread of wave functions fT|, §, sec 

also jnjgg, [nj §. 



The remaining sections apply the result of Section 2 to spectral measures 
of dynamical systems. Section 3 relates the degree of Holder continuity of 
a spectral measure near zero to critical exponents of 'generalized random 
walks'. The generalization to 'twisted generalized random walks' in Sec- 
tion 4 explains the meaning of the scaling exponents (3{q). Finally, Section 5 
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discusses the application to the model considered by Aubry et al., and to 
the energy growth of driven oscillators. 

2 Uniform Holder continuity in an interval 

This section explains how the Fourier transform of a positive bounded Borel 
measures can be related to uniform Holder continuity in arbitrary intervals. 
In view of the applications that follow, the result will be stated and proved 
for spectral measures of a unitary operator. A series of remarks discusses 
some generalizations and the relation to the decomposition of the measure 
into its discrete, singular continuous and absolutely continuous parts. 

Let U be a unitary operator on a separable Hilbert space TL. Every 
ip £ Tt defines a spectral measure fj,^ on the circle T by J T e 2mnx dfi^ = 
(U n 4>,4>). For A G T let U x := e~ 2mX U and G n (X) := £||£JpJ Ufyf . 
Then lim ra ^ 00 G n (X) dX = fi^ weakly (as can e.g. be seen by integrating 
e -2mm\ w ^ reS p ec t to G n (X) dX). The following theorem says that G n (X) 
scales like n 13 as n — > oo if and only if //^ is U(l — /3)H in a neighborhood of 
A. 

Theorem 2.1 Let A be an open interval and < (3 < 1. The following two 
statements are equivalent: 

i) There exists a constant C > such that limsup^^ n _/3 G n (A) < C < oo 
uniformly in X £ A; 

ii) [lip is U(l — (3)H in A. 

Proof. Direct computation shows that G n (X) = f T K n ^\(X — x)d/j, 1 p(x), 
where K n -x{y) := \{^^? is the Fejer kernel. Note that K n (0) = n for 
all n and that lim n ^ 00 K n (y) = uniformly on every closed interval not 
containing 0. 

i) implies ii). By i) there exists for every e > an N > such that 
G n (X) < (C + e)vP for all n > N and all A G A. Let / C A be an interval 
of length 1 7" | < 1/N. Let n > N be such that ^ < |7| < Then I can 

be covered by two adjacent intervals Ij := [Xj — Xj + ^] of length 1/n. 
Note that f^iT n _i(A j - x) > 1 if x G Ij. Therefore, 

2 f 

- "12 -7- K n-i(Xj - x)d^{x) 
j=i Jl j 4n 

< £{G„(Ai) + G n (A 2 )} 
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< T (C + e)\I 

ii) implies i). Let A G A and choose < a < 1/2 such that [A — a, A+a] C 
A. It suffices to show that 
rX+a 

/ if„_i(A — x) dfj,^(x) < C < oo 

J A— a 

for a constant C independent of A and n. Since is U(l — /3)H in A 
there is a constants D,N such that fij)(I) < Dn@~ l for every interval I 
of length \jn with n > N. Now X n _i(A — x) < n if |A — x\ < 1/n and 
Kn— l(A — x) < 4n/k 2 n 2 if fc/n < |A — x| < (/c + l)/n since sin7ry > y/2 for 
< y < 1/2. Therefore, denoting the integer part of an by [an], 

rX+a M 4 

/ if n _i (A - x) dpu 0) < 2-Dn" + 2 V -^Dn^ < Cr/, 

for some constant C independent of A and n. □ 

Remarks 2.2 Theorem |2.l| holds in greater generality than stated. Let 
/i be a finite positive Borel measure on R with Fourier transform fi{t) = 
J e- 27Titx dfi(x). For T > 0, define G T (A) := T" 1 J T / T e^'^fiit - 

2 

s) ds dt . 



Again, Gy(A) = / Kt{\ — x)du(x), where 



is the Fejer kernel on R. Now Theorem 2.1 holds for fx and this function 
Gt- The proof is the same; that of H) implies ii) 1 simplifies in that one can 
take T = | J"] — x . 

2.3 In particular, if fj, = [fy is a spectral measure of a strongly con- 
tinuous group {Ut}t<=~R of unitary operators on a separable Hilbert H (i.e. 
Jr. e 2mtx dfj,^p(x) = (Utip, ip) for a ^ G then Theorem ^j] holds for and 

G T (A) := T- 1 !^^^! 2 , where C/ A)t := e" 2 ™^. 

2.4 Theorem |2.1| also generalizes to higher dimensions. This is of interest 
for actions of Z d on a probability space (f2, i^) that leave v invariant. 

Let U k , k G Z d , be the unitary action of Z d on L 2 (f2,z^) defined by 
JJ k f := f o T k , where T k is the action of Z d on (0,z/). For A G T d , let 
f/i := e~ 2ni ^' k 'U k , where ( • , • ) denotes the Euclidian inner product in R rf . 
Let C n := {m G Z d | < m» < n} and G n (A) := n~i£ fee c n - The 
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Fejer kernel now is K n (y) = n~ Y\ i= i(sin niryi/ sin nyi) . The theorem holds 
as before with < (3 < d, A a cube, and \J(d — /?)H instead of U(l — /3)H in 
statement it). 

2.5 The values of lim n ^ OQ n~^G n (X) for ft = 1 and /? = determine 
the discrete part and the absolutely continuous part of p^, respectively. 
Since the functions n~ 1 K n tend to zero uniformly outside any neighborhood 
of zero, and n~ 1 K n (0) = 1, one has ^({X}) = lim n ^ GO n _1 G ra (A) for all 
A 6 T (e.g., p. 42 in p5|]). Thus (3 = 1 determines the discrete part of p^. 
To see that (3 = determines the absolutely continuous part of p^, write 
/V = f a + z 9 ' wri ere a denotes Lebesgue measure, / G L 1 (<t) and p _L <r. 
Then G n (A) — > /(A) at cr-a.e. A, see e.g. Theorem III. 8.1 in Volume 1 of |37j. 
If / can be chosen to be continuous in a neighborhood of A and p is zero on 
that neighborhood then lin^^oo G n (X) = /(A). 

2.6 A measure p that is UaH for some < a < 1 need not have a 
singular continuous part. For instance, let {cj} be a positive sequence with 

Ci < oo, Xi G T, < /3 < 1 and let ^ := ^Cil^ ~~ ^il - ' 3 - Then p is 
absolutely continuous and U(l — /?)H. Still, the behavior of n~ l3 G n (X) for 
/? = and 1 can always be used in principle to determine whether p^ has a 
singular continuous part p^^c, because 

p i))SC (T) = U\\ 2 - J /da-£ n lim n^G^X), 

where, as in the previous remark, / = lim n ^ 00 G n . 

2.7 The critical Holder exponent a^(x) of p at x is defined by 

n i \ n I if a < a u (x) 

hm sup p(\x — r, x + r r =< - * 

, r ^0 oo it a > ^(i) 

Note that a^(x) may be larger then 1 if p has very little mass near x. If 
— 1 < /? < 1 and limsupn - p G n (X) < oo then 1 - p < <fy(A). This follows 
from p([X - ±, X + ^]) < ^ 2 /4n JjA-x|<i/2n X n -i(A - x) d/i(x). 

3 Generalized random walk 

Let f2 be a compact metric space with its Borel cr-algebra, T: f2 — > S7 a 
measurable invertible map and f a T-invariant ergodic probability measure 
on SI. Each ^ G L 2 (J7, i/) gives rise to a so-called generalized random walk 
(GRW) 

S^=X>(T fc W ). (1) 

fc=0 
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Simple random walk on Z 2 is the GRW denned by Q = {0, 1,2,3} Z , T 
the left shift on $7, v = ELjeztO^o + ^,1 + ^ f ,2 + <L,-,3)/4] and ip(uS) = 
ip(tOj) = 1, i, —1, —i if = 0, 1, 2, and 3, respectively. Generalized random 
walks, and especially their recurrence properties, have been considered in 
e.g. [jl], ||, 11, [if], [l2|, |l3|| . The aim of this section is to relate the Holder 



continuity at of the spectral measure /z^ of ^ to the speed with which the 
walk wanders off to infinity, as expressed by the critical exponents of the 
mean squared displacement and of \S%\ 2 . 

Recall that the critical exponent a c of a sequence N n G C is defined by 



limsupn a |-/V n | 



oo a < a c 
a > a r 



The critical exponent of \S%\ 2 is denoted by 7(0;), that of the mean squared 
displacement 



n-l 2 



(l^l 2 ) := / \S"J dv{u) = \£U h ^ 

J k=0 
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by 7ms; here Uip := ipoT is the unitary operator implementing the dynamics 
in L 2 (n, v). Note that < 7 ms < 2. 

Lemma 3.1 There exists a 7 G [0, 7 ms ] such that 7 = 7(0;) for v-a.e. uj G £1. 

Proof. For a > and I C [0, 00) an interval, let B a j := {uj G | 
limsup n ^ 00 n _a |S^| 2 G /}. This set is measurable since B a j = ri/?=o UlLkW ^ 
I n~ a \Sn\ 2 G 7 for an n G [if, . . . , L]}. It is also invariant. Hence the sets 
B a ,o := Hm=l B o,[o,l/m] and B a:QO := f|™=i #a,[m,oo) are measurable and 
invariant. Thus f2 is the disjoint union of the measurable and invariant sets 
B a ,o, B a (0,00) and B a)<x . By ergodicity, one of these three sets has measure 
one. Since there is at most one value of a for which ^(-B aj (o,oo)) = 1 there is 
a 7 such that v(B aoo ) = 1 if a < 7 and v(B a fi) = 1 if a > 7. This shows 
that 7(0;) = 7 for z^-a.e. w G fl. 

If limsup n ^ co n~^(|5^| 2 ) = 0, then there is a subsequence n& such that 
lim^^oo %' 3 |5'n fe | 2 = f° r ^-a.e. uj. This means that v{Bp t o) = 1. Hence 
/3 > 7 ms implies /9 > 7, and 7 < 7 ms . □ 

It is now clear that the degree of Holder continuity of at zero gives an 
upperbound on 7 ms , and that, conversely, 7 ms and 7 provide upperbounds 
on the degree of Holder continuity of fi^ near zero. This follows from the 
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fact that, in the notation of Theorem |2.1| , G n (0) = n^ 1 (\S^\ 2 ) . If ^ is U/3H 
on a neighborhood of 0, then 7 ms <2 — f3. Conversely, if 7 ms > 1 (or 7 > 1), 
then ^ is not U(2 — /3)H on any neighborhood of 0, for any f3 E (l,7 ms ) 
((3 G (1,7))- Thus super diffusive behavior of the GRW requires that [jty is 
not U1H on any neighborhood of 0. On the other hand, the GRW can only 
be subdiffusive (7 ms < 1) if fi^ has very little weight near 0. Indeed, by 
Remark 2/7 this requires 0^(0) > 1. Theorem 1 in |^7|] gives that (|S^| 2 ) 
is bounded in n if and only if /(sin-zrA) -2 dfJ,^(X) < 00. 

Remarks 3.2 Dekking shows that 7 ms < 1 for the 'Rudin-Shapiro 
walk'. This is the GRW in which Q C {0, 1,2,3} Z is the substitution dy- 
namical system (e.g., |32[|) arising from the primitive substitution — ► 02, 
1 -> 32, 2 ->• 01, 3 -> 31 with iJj(uj) = i^{uj ) = 1, -i, i, -1 if uj = 0, 1, 
2, 3, respectively. The spectral measure fi^p can be computed from Propo- 
sition VII. 5 and Example VIII. 2. 2 in as Lebesgue measure, so 7 ms = 1, 
as conjectured by Dekking, and the diffusion coefficient is 1. (In Proposi- 



tion VII. 5 of J32| one should read t{(3) for r(/3); this r is our if). The symbols 
{0, 1,2,3} in (3^] correspond to the symbols {a, d, b, c} in p3|.) 

3.3 By Remark [2.5| , if ^ is absolutely continuous on a neighborhood 
0, with a density that can be chosen to be a continuous function g, then 
7 ms = 1 and the diffusion coefficient of the GRW is <?(0). 

3.4 Dumont and Thomas [16| have given an asymptotic expression for 
S% for the case that a; is a fixed point of a primitive substitution and i^{oj) 
depends only on ujq (here O C {0, . . . ,a} z ). They find, under certain as- 
sumptions on the eigenvalues of the substitution matrix, an upperbound 
[3 < 1 on 7(w) if J ip dv = 0. This is a result for one particular sequence in 
$7, a fixed point of the substitution, and therefore has no direct implication 
for the Holder continuity of fj,^ at 0. 



4 Twisted generalized random walk 

The exponential sums 

n-l 

5 n w (A):=^e- 2 "V W ) (3) 

fc=0 

define a walk in the complex plane for each uj E Q and each A G T. One can 
think of these as walks with a rotational bias: at step k the walker changes its 
direction by e~ 2mX and then makes a step of length \ip{T k uj)\ in the direction 
&rg(ip(T k Lo)). When plotted in the complex plane, such walks often give rise 
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to pretty pictures |14], B|. The mean squared displacement / \S„(\)\ 2 dv(iu) 
of S%(\) is given by nG n (\), and now depends on A. By Theorem |2,1| , its 
critical exponent 7 ms (A) satifies 7ms (A) < 2 — a on any interval where p,^ is 
UaH. Again, superdiffusive behavior of / |S^(A)| 2 dv{ui) requires singularity 
of p^ at A. 

The aim of this section is to show that S%(\) is itself a GRW (i.e., a 
GRW for some ergodic dynamical system), except possibly for a countable 
set of A, and to relate the critical exponents 7(A) of |<S^(A)| 2 to p^p. This 
will explain the meaning of the method of Aubry et al. 0, [|] , see the next 
section. It is of interest because it is often easier to deal numerically with 
one — hopefully typical — trajectory then with J \S%(\)\ 2 du(u). 

An eigenvalue of (O, T, v) is a A G [0, 1] ~ T for which there is a eft G 
L 2 (S7,z/) such that U(p = e 2mX 4>. The set of eigenvalues forms a countable 
group, which will be denoted by A. Let Q[A] := {p G T | p = qX, A G A, q G 

Q}. 

Proposition 4.1 For A g" Q[A] there exists a 7(A) G [0, 7 ms (A)] such that 
7(A,u;) = 7(A) for v-a.e. to. 

Proof. Let A be a compact metric space and p a Borel probability measure 
on A that is ergodic for an invertible, measurable transformation R on 
A. The direct product of (O, T, v) and (X,R,p) is the dynamical system 
(O, T, P) defined by Q, := x A, T(w, x) := (Tw, D := px p. This direct 
product is ergodic if and only if (fi, T, i/) and (A, i?, p) share no eigenvalues 
other than (see e.g. |J, Theorem 10.1.1). 

If A is irrational, take A = T, p normalized Lebesgue measure and let 
R = R\ be defined by .Ra^ := x + A (mod 1). If A = p/q is rational, take 
A = {fcp/<?}fc=o, let /9 be normalized counting measure on A and again let 
R = R\. In both cases (X,R\,p) is ergodic and has eigenvalues e ~ 2mmX , 
m G Z. Therefore the direct product (O, T, P) is ergodic if A Q[A]. Take 
such a A. 

For t/> G L 2 (0,i/) let tp G L 2 (0,£) be defined by := e" 2 ^^^). 

Let 17 act on L 2 (0, £?) by C/0 = o f, and define := ^(w, a?). 

(Note that S^f' x ^ implicitly depends on A.) Then S%(X) = S^' ^. Since 
ISn'^l is independent of x, the critical exponent of / \Sn ^\ 2 dv is the same 
as the critical exponent 7ms(A) of f \S„(\)\ 2 dv(uj). By Lemma |Q| there 
is a 7(A) G [0,7 ms (A)] such that the critical exponent 7(A, u,x) is equal to 
7(A) for P-a.e. (lo,x). But j(\,u,x) = j(X,uj, 0) = 7(A, a;) for all x G A, so 
7(A,o>) = 7(A) for i/-a.e. to. □ 
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Corollary 4.2 // (S7, T, v) is weakly mixing then there exists for all X € T 
a 7(A) G [0,7 ms (A)] suc/i i/iaf 7(A,a>) = 7(A) /or v-a.e. uj. 

Proof. Recall that, by definition, (0, T, z/) is weakly mixing if it has no 
eigenvalues other than 1. The case A = is covered by Lemma 3.1. □ 



Corollary 4.3 Suppose A Q[A] and 7(A) > 1. Let < e < 7(A) - 1. 
Then fj,^ is not {7(2 — 7(A) + e)H on any neighborhood of A. 

Proof. Let j3 := 7(A)— e. Then 1 < j3 < 7ms(A) and hmsup n _ 400 n~^^G n (X) 
00. Let A be any neighborhood of A. By Theorem [0|, ^ is not U(2 — /3)H 
on A. □ 



Note that the exceptional set in Proposition |4.1| depends on A 



Corollary 4.3 shows that a single (but typical) trajectory provides up- 



per bounds on the degree of Holder continuity of ji^. As explained in 



Remark 2J3, a degree of Holder continuity strictly less than one does not 
prove that a measure is purely singular continuous. Thus the question arises 
whether one can determine from a single (typical) trajectory that the spec- 
tral measure has no absolutely continuous part. In general, this is not pos- 
sible, as is explained below. 

The following lemma is well known. 

Lemma 4.4 \\m n ^, 00 n~ 1 \S'^{X)\ 2 dX = /iw, weakly for v-a.e. uj. If (£l,T,v) 
is uniquely ergodic and ip is continuous then 'v-a.e. uj' can be replaced by 
'for alluj £9, '. 

Proof. For p E Z, 

/ e- 27TiXp S%(\) d\ = -J2 ^{T m - p uj)^(T m uj), (4) 
J rh ~ 

m=0 

which by the ergodic theorem converges to (U~ p iIj, ip) as n —* 00 for v-a.e. 
uj. Hence the Fourier coefficients of S%(X) dX converge pointwise to those of 
fi^, for v-a.e. uj. This shows that lim n ^ O0 n~ 1 \S^(X)\ 2 dX = ^ weakly for 
v-a.e. uj. The averages @ converge for all uj € as n — > 00 if (Cl,T,v) is 
uniquely ergodic and ifi is continuous (e.g. §, Theorem 1.8.2). □ 
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Thus both ^\Sn(\)\ 2 d\ (for a.e.-w) and its expectation G n (X)d\ con- 
verge weakly to as n — > oo. There is a difference, however. The sequence 
Cr n (A) converges for Lebesgue-a.e. A and its limit is the value of the density 
of the absolutely continuous part of [i^ (see Remark ^5|) . But lim ^(^(A)) 2 
in general does not exist for Lebesgue-a.e. A. (E.g., if i/j(T k iu), k G Z, are 
independent and uniformly distributed in T then for every A and v-a.e. uj 
the limit does not exist.) 

Now assume that (O, T, u) is uniquely ergodic and that ip is continuous. 
Then, if linin^oo ^|S^(A)| 2 exists for Lebesgue-a.e. A in some interval, the 
limit is equal to the density of fi^p with respect to the Lebesgue measure in 
that interval. In particular, if linin^oo ^|S^(A)| 2 = a.e. on T, then ^ 
has no absolutely continuous part. In this special case examining a single 
trajectory allows to conclude that the spectral measure has no absolutely 
continous part. 

Remarks 4.5 The results in Sections 3 and 4 generalize to flows, if, for 
T > and A G R, S%(X) is defined by S£(A) := J T e~ 2niXx ij(T t u}) dt. An 
eigenvalue of the flow T% is a A G R for which there is a <f> G L 2 (f2, v) such 
that U t </> = e 2lxiXt 4>. 

4.6 If //^({A}) > then S^(A) behaves ballistically, 7ms(A) = 2, with 



diffusion coefficient n^({X}), see Remark 2J3. If ($7, T, z/) is uniquely ergodic 
and the eigenfunction <fi for A is continuous then 7 (A, a;) = 2 for all uj G 



5 Applications 

5.1 The model of Aubry et al. 

Aubry et al. [||, || have considered a model of atoms on the line defined by 

x n - x n -i = 1 +£l[ 0)( g)(raa + 0), (5) 

where {x n } is the set of atomic positions, a is irrational, and xq G R, 
/3, 8 G T and £ > are parameters. (Changing xq translates the structure; 
9 selects a structure within a 'local isomorphism class' determined by a, (3 
and £.) They were interested in the 'structure factor' S(X), an unbounded 
measure defined by 



2 



dS(X) = lim T- 1 ! Yl e~ 2mXxn dX, (6) 
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where the limit is taken in the vague topology (cf. [21, 23]). The structure 
factor does not depend on the choice of x$ or 6. Aubry et al. argued that 
S should be purely singular continuous if (3 ^ na (mod 1). One reason for 
this assertion was that they found critical exponents t/(A) of the sums 

F T (X) ■= e- 2mXx " (7) 

Z„G[0,T] 

to be strictly between 1/2 and 1. For the case (5 = 1/2, a = t" 1 (t = 
(\/5 + l)/2) they showed analytically || that 77(A) = c for some \ < c < 1 
and A in a countable dense set. 

This section explains that 2 — 277(A) is an upperbound on the degree 
of Holder continuity of 5 on neighborhoods of A. The idea is to view S 
as a limit of spectral measures of a dynamical system, the flow under the 
function f{x) = 1 + £l[n/3)( a; ) over the irrational rotation a on T. This was 
explained in detail in |22]| . The essence is the following. Let <fi > be a 
C°°-function with support in [—1/2, 1/2], J (f){x)dx = 1, and for 1 > e > 
let (p e (x) : = e -1 <p(x / e) . Then the function p e := (\> e *J2neZ ^x n ^ s °f the form 
x — > ip e (T x u)) for anw £ 1! and a ip e £ L 2 (f2,i^), where Q = £lp^ = {(x,y) \ 
x £ T, < y < f(x)} and v is the normalized Lebesgue measure on Q. 
The spectral measure /j^ e of ip t satisfies 

H* = s \^\ 2 > (8) 

where (j) denotes the Fourier transform of <j). Thus /j^ e — > S vaguely as e —* 0. 
Since </> e is smooth is follows that for every interval / there is an e such that 
the degrees of Holder continuity of S and \x^ e are the same on /. 

Now consider the integral 5y(A) := Jq e~ 2m:Kx ip e (T x uj) dx. For each 
uj £ Q there is an {A^] < 2 such that 

5¥(A) = / e" 2 ^( ]T <l>e*5 Xn )(x)dx + A u 
x„e[o,T] 

= 4(A)F t (A) + tL 

It follows that the critical exponent 77(A) of Fl(\) is related to the crit- 
ical exponent 7(A) of |5^(A)| 2 by 7(A) = 277(A). Hence corollary |43| (in 
'flow form', cf. Remark |4.5| ) gives that S is not U(2 — 277(A) + 5)H on any 
neighborhood of A, for all < 5 < 277(A) — 1. 

Remark 5.1 The connection with the flow under the function / was used in 
72| to determine the parameters a, 0, £ for which the unbounded measure 
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S is continuous (apart from a delta function at zero, which is present for all 
parameters). This in turn was used to prove that for every irrational £ and 
every (5 the measure S is purely singular continuous for generic a (i.e., for a 
in a dense Gg)- We recently found a paper by Goodson and Whitman jL7|] 
that proves by periodic approximation that for each £ (irrational or not) and 
each irrational a the flow under / has singular spectrum (i.e., no spectral 
measure has an absolutely continuous part) for Lebesgue-a.e. (3. Combined 



with the continuity result of [22] this gives that for every irrational £ and 
every irrational a, the flow has purely singular continuous spectrum for 
almost every j3. For these parameters S is purely singular continuous apart 
from the delta function a zero. For [5 = 1/2, a = r , the parameters 
considered in Q, S is continuous [22]. It has not been proved that it is 



singular continuous although the work of Aubry et al. does suggest that it 
is singular continuous. 

5.2 Energy growth in driven oscillators 

Bunimovitch et al. || consider a classical driven oscillator with natural fre- 
quency loq described by the Hamiltonian H = p 2 /2+LOoq 2 /2— qip(Ttx), where 
Tt is an ergodic flow on a compact metric space with invariant probability 
measure v. They are interested in the expectation of the time evolution 
{Et) u of the energy of the oscillator. Their equations (2.9) and (2.10) can 
be rewritten to give 

(Et) v = u 2 q 2 /2 + p 2 /2 + ^ tG t (uo) 



where Gt is as in Remark [2.3| . Bunimovich et al. express this in terms of 
the correlation function ft^p. In Proposition 3.1 they show that {Et) v grows 
linearly with t and has a well defined diffusion coefficient if the correlation 



functions decays sufficiently fast. Remark 3.2 generalizes this: it suffices to 
require that //^ is absolutely continuous on a neighborhood of of ujq with a 
density that can be chosen to be continuous at ujq. The correlation function 
need not decay at all in order to have diffusive behavior of (Et) v . 

Again, super diffusive behavior of (E t ) requires fi^p to be singular at ujq, 
in the sense that fi^ is not UqH on any neighborhood of ujq, for some a < 1. 



Note that by Proposition 4.1 the critical exponent of Et is independent 
of x (f-a.e.), for all but possibly countably many ujq. 

The expection of the energy growth for driven quantum oscillators is also 
determined by tGt [||, || • 
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